Astronomy 501: Radiative Processes
Lecture 10
Sept 14, 2022

Announcements:
e Problem Set 3 due Friday

e Office Hours: BDF—after class or by appointment
Chris: 11:30-12:30 tomorrow

Last time: radiation transfer for lines

Today: scattering



Scattering




Pure Scattering

Consider an idealized case with radiation propagating
through a medium with “pure scattering,” i.e.,
scattering, but no emission, and no absorption
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. Q. what are effects of pure scattering on incident radiation field?

Q. Is anything preserved?



Effects of Pure Scattering

scattering preserves/conserves photon
number

but redistributes photon direction d

Recall: intensity in a ray is a directional quantity
i.e., really I, = I,(0,¢) = I,(n),
with n a unit vector toward (6, ¢)

generally: to find scattering into one direction (one ray)
must sum contributions from intensity in all other directions!
...and at every point in space!



Scattering Anisotropy and Inelasticity

anisotropic
scattering
in general: |,
. - | N |
different probability to scatter
into different angles: anisotropic <!
r’l," “*\\
. Vi
in general:
photon energy and changes
exchanged with scatterer _ _ _
_ elastic ¢ ) inelastic
and thus change in v, A P
“inelastic’” scattering Vi 2

scattering is in general very difficult to calculate
in practice: evaluate numerically (simulate!)
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Special Case: Coherent Isotropic Scattering

isotropic
consider a special case: scattering
e /sotropic scattering: NS
no preferred direction for scattered pho- 4‘ _____ _
tons
I4 \

e photon energy unchanged (‘“coherent or elastic scattering')
good approximation for scattering by non-relativistic e

define scattering coefficient ¢, = nscatoscat v,
and thus also scattering cross section ogc5t, such that
intensity lost to scattering out of ray is

dl]/ — —Qu ]]/ dS (1)
iIsotropic scattering — ¢, same for all directions

Q. what is intensity scattered into the ray?



Isotropic Coherent Scattering

intensity scattered out of ray I,(n) is

d]y('ﬁ) — —Qu ]V('ﬁ) dS
if scattering isotropic, the portion into n from n' is

dI, (7)) = d—Q’ |d[,, ’)|

and so integrating over all p055|ble solid d2’' gives
d[]/(n) — —/ I]/ dQ ds = Sv J]/ ds

where J, is the angle-averaged intensity

(2)

(3)

(4)
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and thus for isotropic coherent scattering

dl,(n N
) ) — ) (5)
ds
and so the source function is
S, = J, (6)
and the transfer equation can be written
dl,(n N
) )+ g (7)
dTy

where mean flux J, = [ I,(?/)d2'/4xr, and dr, = ¢, ds

Q. Why is this intuitively correct?
Q. what is effect on I, of many scattering events?



for coherent, isotropic scattering:

A(R) _ 1)+ g (8)

dTy
depends on I, field in all directions
= scattering couples intensity in different directions

if many scattering events, r, large: I, — J,

after large number of mean free paths, photons — isotropic

— (isotropic) scattering randomizes photon directions
reduces anisotropy

transfer with scattering: integro-differential equation
generally very hard to solve!

Q. transfer equation modification for anisotropic scattering?

www: astro examples of scattering
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Scattering and Random Walks

Can we understand photon propagation with isotropic scattering
in a simple physical picture?

random walk

simple model: random walk r
between collisions, photons move in straight ‘steps” N
with random displacement 7

position after N collisions (‘steps”) is 7'y

idealizations:

e step length uniform: |f| = (s, Mean free path

e Sstep direction random: each ¢ drawn from isotropic distribution
and independent of previous steps

e initial condition: start at center, 7o = 0



1. first step 7, = /¢

length |71| = £mfp, direction random
average over ensemble of photons:
o (1) = <Z> =0 Q: why?

2\ _ /)2
¢ <T1> — gmfp
average positions for ensemble of photons is zero
but average distance of each photon £y

2. step N has: iy =7rny_1+7¢
average over ensemble of photons:
(Fn) = (Fv—1) +(8) = (Fy_1)

but by recursion

(TN) = (FN—1) = ('N—2) = ... = (1) =0 (9)
— ensemble average of photons displacements still O

as it must be by symmetry
Q: Wut? Does this means photons don’'t move?

=
=
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but what about mean square displacement?

2

TN FNFN

average over photon ensemble
(ri) = (rx_1) +2(0-"y_1) + ¢
Q: what is (0-Fy_1)7?

ri—1+ 20 "1+ Gy

2
mfp

(10)
(11)

(12)
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(ri) = (rx—1) + 2 "n_1) + Crarp (13)
each photon scattering direction independent from previous
<Z FN—1> = emfprN <COS 9> =0

SO <T%V> — <TN 1> +£mfp

but this means <7“]2V> Némfp
— each photon goes r.m.s. distance

rrms — <7°]2\7> — \/N gmfp (14)

SO imagine photons generated at »r =20
and, after scattering, are observed at distance L
Q. number N of scatterings if optically thin? thick?



Photon Random Walks and Optical Depth

if travel distance L by random walk

then after N scatterings L = /N Cmtp

but photon optical depth is 7 = L/

— counts number of mean free paths in length L

optically thick: > 1

many scattering events — this is a random walk!
N thick >
~ T

if optically thin: T < 1

scattering probability 1 —e T &~ 7 <K 1: not random walk!
thi
mean number of scatterings over L is N én T

— approximate expression good for all 7
N

N~ 7+ 72 (15)



Photon Escape from Sun: Realizations

easy to simulate! try it!

color shows steps: red at photon birth, blue at escape
not scale! stepsize = Aprp greatly exaggerated here!

=
o1
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Combined Scattering and Absorption

generally, matter can both scatter and absorb photons
transfer equation must include both
for coherent isotropic scattering of thermal radiation

dl
d—SV = —a(ly — By) — Iy — Jv) (16)

giving a source function

B J.
S, = ayv By + sy Jy (17)
ay + Sy

a weighted average of the two source functions

thus we can write

2= (o + )~ ) (18)

with extinction coefficient o, + ¢



generalize mean free path:
1

¢ = -
mfp.v 877, + Sv

average distance between photon interactions

in random walk picture:
probability of step ending in absorption

— e Oy
€y — X e
g vmip. 8%, ‘|‘ Sv
and thus step scattering probability
Sv
Y4 = =1 —c¢€
vEmtp,v oy + Sy Y

also known as single scattering albedo

. source function:

\l

SV — GVBI/ —|— (1 — EI/)JI/

(19)

(20)

(21)

(22)
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Random Walk with Scattering and Absorption

in infinite medium: every photon created is eventually absorbed
typical absorption path f3ps, = 1/ay
typical number of scattering events until absorption is

eabS,I/ __Sv + au 1

Ngcat = / — (23)
mfp,v Oy Cv
SO typical distance traveled between creation and absorption
1
by = Nscatgmfp,y — \/gabs,ugmfp,u — (24)
\/Oéu(au ‘|‘ §1/)

diffusion/thermalization length or effective mean free path

What about a finite medium of size s7

define optical thicknesses 75cat = vs, Taps = Qv S
_ _ . 1/2 1/2
and 7« = s/lx = Tsc/at(Tscat + 7'abs) /

Q: expected behavior if T+ K17 7> 17
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T« = s/lx: path in units of photon travel
until absorption

T+« < 1. effectively thin or translucent
photons random walk by scattering, seen before absorption
luminosity of thermal source with volume V is

Ly, "M 4ray BV = 4nj, (T)V (25)

T+ > 1: effectively tick

thermally emitted photons scattered then absorbed before seen
expect I, — S, — By

rough estimate of luminosity of thermal source:

most emission from ‘“last scattering” surface of area A

where photons travel s = /¢,

thick
L, ~ Aoy Byl A =~ 47 /e, By A (26)
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Life Inside a Star

In stars:

e nuclear reactions create energy and ~ rays
deep in the interior (core)

e the energy and radiation escape to the surface
after many interactions

How does this occur?

Consider a point at stellar radius r with temperature T'(r)
having blackbody radiation at 7', and matter

Q: what is intensity pattern (i.e., over solid angle) ifT is uniform?
Q. what is the pattern more realistically?

Q. what drives the outward energy flow? what impedes it?

Q: relevant length scale(s) for radiation flow?
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if T'(r) uniform and has no gradient,
SO are blackbody intensity B and flux T
— no net flow of radiation!

but in real stars: 1" decreases with r

SO at r:
e intensity from below greater than from above
e drive net flux outwards
e impeded by scattering and absorption
on scale e, = (av + )1
e generally by, L 7
over this scale, see radiation as
mostly isotropic with small dipole

stellar interior zoom

-r

T(r—0r)



Radiative Diffusion: Sketch Rosseland Approximation

cc

small temperature dipole gives net radiation flux

stellar interior zoom

Fget ~ —mAB, ~ —m [BV(TT+5’I“) — BV(TT+5T):|
o8, oT ren
= — or '

7

7T(‘?T or mfp,v

So the total flux F = [ F"®dv has

(27)

o ' oc —VT: diffusion flux! requires gradient!
e average over v gives Rosseland mean absorption coefficient
1 f(Oé]/ _I_ gl/)_laTBy dv

= 28




effective mean free path, weighted by Planck derivative
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Director’'s Cut Extras
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Rosseland Approximation in Detail

z

Imagine a plane-parallel medium:
n,p, T only depend on z
Think: interior of a star dz )’ ds=dz/cos®

photon propagation depends only on angle 6
between path direction and z Q: why? why not on ¢ too?

change to variable y = cos#, and note that
path element ds = dz/cos@ = dz/u, SO

,Lbaly({g? 'u) — —(Oéy ‘I’ §V)(II/ — Sz/) (29)

note: deep inside a real star like the Sun, /., ~ 1 cm < Ry«
Q. implications?



T4

ly ~1 cm <K Rs: rapid thermalization, damping of anisotropy

expect stellar interior to have intensity field that
e changes slowly compared to mean free path

e IS nearly isotropic

SO to zeroth order in ¢4, transfer equation

all/(za :u)
0z

gives
1% ~ 589 (1) (31)

this is angle-independent, so: Jéo) = ,SO) and ]50) — ,SO) = By

Iterate to get first-order approximation

I~ s _ 06,10 =B, - —* _5.B, (32)

ay + Sy
what angular pattern does this intensity field have? why?
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to first order, intensity pattern

1~ s _ 6,180 =B, ——L_5.B,

8%, ‘|‘ Sv
i.e., a dominant isotropic component plus

small correction o« u = cos@: a dipole!
if T decreases with z, then 90,B, < 0, and so
intensity brighter downwards (looking into hotter region)

use this find net specific flux along =

+1
Fu(z) = /Lgl)(z,u) Cos 6 d2 = 2m /_1 IS (2, ) p dp

only the anisotropic piece of I,SO) of survives Q: why?

2T +1
F __ " 5B / 2 4
V(Z) o, + < z Dy _q M M
47
= — 0. B
3(041/+§1/) S

(33)

(34)

(35)

(36)
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net specific flux along z

47 41
F = — 0,B, = — orBy 0T
V(Z) 3(041/ + Cl/) o 3(041/ + §1/) s

total integrated flux

0B
F(z) = /F,/(z) dv = ——8ZT/(QV + )1 8Ty dv
to make pretty, note that
AwoT3
/ Op By dv = O / By dv = 8pB(T) = -2
T

and define Rosseland mean absorption coefficient

ar [0pBy, dv

(37)

(38)

(39)

(40)

average effective mean free path, weighted by Planck derivative



